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FREEDERICKSZ TRANSITION IN A PLANAR NEMATIC
CELL AND THE SURFACELIKE ELASTIC CONSTANT
PROBLEM

ALEXEID. KISELEV
Chemigov Technological Institute, Chernigov, UKRAINE

VICTOR Yu. RESHETNYAK*
Surface Chemistry Institute of the National Academy of Sciences, Kiev, UKRAINE

Abstract On the basis of local stability analysis we have studied how the splay-
bend term, that is known as the K ,-term, influences Freedericksz transition in a ne-
matic liquid crystal (NLC) sandwiched between two parallel plates. Two cases are
considered: (a) the homeotropic anchoring is favored at both walls and magnetic
field is assumed to be parallel fo the confining surfaces; (b) the boundary conditions
are planar and the magnetic field is normal to the walls. Under certain conditions it
is found that the splay-bend term can change the order of the Freedericksz transi-
tion. In particular, we encounter the bistability induced by the term.

* Present address:
Faculty of Mathematical Studies, University of Southampton, UK

INTRODUCTION

In our recent papers'> we have studied how the surface-like elastic terms, known as the
K34~ and K3 -terms, affect stability of the axial director configuration of a nematic liquid
crystal (NLC) confined to cylindrical cavity within the approach given in".

Tt was shown that the K¢ -term plays a significant part in the theory and can be easi-
ly incorporated into the framework of the Euler-Lagrange formalism.**

The latter is not the case as far as the K13 -term is concerned. The free energy func-
tional with the K1-term is unbounded from below*, what accounts for the infinitely
strong subsurface director deformations (Oldano-Barbero paradox)’.

Leaving aside the discussion of different approaches to the problem, we briefly ad-
dress the theory that will be employed in this paper.

[977)/437
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The starting point of the approach under consideration is that the discontinuous be-
havior of the director field is an artifact of the elastic first-order theory and higher-order
terms make the free-energy functional bounded from below. According to *, the main ef-
fect of the higher-order terms can be reduced to the requirement for the director field to be
smooth. Roughly speaking, it means that a naive application of the Euler-Lagrange for-
malism gives the correct recipe. It is supposed that the recipe does not lead to strong sub-
surface director deformations that are mther difficult to accommodate in the contimmum
approach If so, we can get rid of a discontinuity in the surface angle searching for the di-
rector distribution minimizing the free-energy functional among the solutions of the Buler-
Lagrange equations.

This work is aimed to study influence of the K3 -term on the Freedericksz transition
in the planar NLC cell. Note that the problem was previously investigated in * on the basis
of local stability analysis for the homogeneous director state aligned perpendicular to ap-
plied magnetic field The following results have been obtained:

1 IfK;; falls within the range between —K;; and K3, the splay-bend term just shifts
the critical field of the Freedericksz transition rencemalizing the relevant bulk elastic
constants.

2 Otherwise, an anomalously deformed director state is predicted to occur in sufficiently
thin layers. The existence of this anomalously deformed regime greatly affects the Free-
dericksz transition, leading to a rather exotic phase diagram where the applied field atter-
natively enhances and inhibits distortions. In particular, it was shown that a magnetic
field tends to align a nematic, having positive magnetic anisotropy, perpendicular to itself
in this case.

Notice that our definition of the K3 -term in Bq.(2) is slightly different from that in®
(K372 instead of K3).

Some of the above results look very unusual and the idea behind our study is to take
into account the fact that the K ; -term can result in effects that look like bistability™*.

In Sec. 2 local stability of the homeotropic and planar director configurations is inves-
tigated taking into consideration the out-of-plane director fluctuations. It is shown that the
existence of the anomalously deformed director state is tantamount to the statement that a
magnetic field fails to stabilize the director structure aligned along the field direction It
iroplies the restriction —K;; < K3 < K33, imposed on K.
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In Sec. 3, by using the results of Sec.2, it is found that, under certain conditions, the
K 13-term leads to the existence of the bistability region where both structures are locally
giable. The exact solutions o the Fuler-Lagrange equation obtained in the one-constant
approximation are exploited to show the K3 -term can change the order of the Freeder-
Discussion of the resulis is given in Sec. 4.

STABILITY ANALYSIS

Ictuacmsida‘NLCnndwicbedbotweentvmidenﬁmlpamﬂelphtu,z=gmd

z=—‘—2i,andmppmethmthehamounpicamlxxingisfavmedatbmhmnﬁcumdﬂn

magnetic field is applied along the x-axis, H = H e,. The anchoring energy density is
assumed to be taken in the Rapini-Papoular form °:

Fs= —-gz(n -e,) 8)

where 7 is the anchoring strength; e, is the unit vector directed along the axis of easy
orientation (z-axis). As in*® Eq.(1) suggests no azimuthal anchoring (for more details, see
Sec. 4). Note that planar geometry of the Freedericksz transition with the magnetic field
applied along the z-axis and the axis of easy orientation parallel to the x-axis will be dis-
cussed at the end of this section.

The splay-bend term reads

F,,=£22"dvdiv[ndivn] @

where n is the director field.

Stability Of The ic Director C ion
Let us define the NLC director field in terms of two angles, ® and @,

n=cos®-cosP e, +cos® -sinP-¢,+sin®-e, 3)
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30 that the homeotropic configuration can be obtained from Eq.(3) by setting
® = & = 0. Denote small deviations of the angles & and @ from zero by 6 and ¢, re-
spectively. In what follows we shail restrict ourselves to the case of the structures invari-
ant under the translations along the x- and y-axis, so that all the angles are functions of z.

To find out whether the configuration is locally stable or not, one has to derive the
second-order variation of free-energy functional, 32F, solve the linearized Fuler-Lagrange
equations and substitute the solutions into 52F. As a result we have a quadratic form that
must be positive definite under the configuration is locally stable.

By making use Eqa.(1, 2) and the standard expression for the bulk free energy™, the
second order variation of the free-energy functional can be obtained as a bilinear part of
the energy per unit area in @ and ¢:

FaF, +82F=-W +8%F, +8%F, @
]
s?Fa%’—’-jiﬁ;dz—%l-e.e' 24 +%’.e2 v ®
‘ :
st.=’—‘2£-j_’§(¢')2dz—K"-¢ ¢ g g ©

l
[SI]'%

Whﬂ’eﬂa=( ) -(qs 9) g2 = x,H2 and F), is energy of the homeotropic di-

mcuxomﬁg\nﬁmltintaightforwudmsohethehmanmd&ﬂu[ameeqmnms
and to insert the solutions in Egs.(5, 6). As a result we come to the stability conditions
that ensure the positive definiteness of 52F (local stability):

Wd sin*uy +(Ks; — Ki3)ussin2u; >0 (N
wd coszug —(K;; —K,;)u;sinZu; >0 (8)
wWd + 2(K» — Ki3)>0 9)

Eqgs.(7, 8) are identical to those given in® and come from 82F. Eq.(9) provides stability
of the structure with respect to fluctuations in the angle . According to®, violating of this
condition leads to the appearance of so-called anomalously deformed director state which
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loses its stability after magnetic field exceeded its critical value determined from Eq.(7).
But, as it can be seen from Eq.(9), the homeotropic configuration is absolutely unstable in
this case. The reason why the case where K3 > K3; should be eliminated from the con-
sideration will be discussed later.
If K3 < K33 Eq.(8) gives the equation for the stability threshold (generalized Rapini-
Papoular equation):

wd= 2(K33 —Kl;)u;. tan u, (10)

s0 that the structure in question is locally stable at U3 < U5.

Stability Of The Planar Director Configuration

In this subsection we deal with stability of the planar director configuration (NLC mole-
cules are aligned along the magnetic field). Stability analysis requires different parametri-
zation of the director field to start from:

n=sn®-cosP-e,+sin® -sinP-e,+cos®-e, Qayn

Theplamrmmisdeﬁmdbyl!q.(ll)withez-gmdd>=0,sothate and ¢

mwmndfusmaﬂmgladeviaﬁonsﬁomgmdo,mpwﬁwly.lnemcﬂyﬂnm
manner as for the homeotropic structure we have:

FuF, +8F=-222 "’H -d +8%F, +8°F, a2)

AF=F, — Fy=2Kuw — ui)/d (13)
] _

_Kp [2 "2 2

st.__z_. P [(¢ ) +(q29) ]dz 14
y ‘

2 Ku J‘ K13 2 A

8°F, = fdz+2 -6-0’ ) 29 4 (15
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A 2
where fe=(9) +{q1 -9)2, w=% and F), is energy of the planar director con-
11

figuration. Since 82F, is positive definite, it is clear that fluctuations in ® govem stabil-
ity of the structure. Stability conditions can be written in the form:

—Wd sinh’u; + (K1 + Ki3)uisinh 2u; >0 (16)
—-Wd cosh®u; +(Ky +Ki3)uisinh2u, >0 an

In the case of Ki3 > —K,, , from Eq.(17) we get the equation for the stability
threshold:

Wd=2(Ku +Ki»)u, tanhu, (18)

so that the planar structure is locally stable at #; > u,. For Ki3 < —Kj, the left-hand
sides of Eqs.(16, 17) are negative. It follows that a magnetic field fails to stabilize the
structure in this case. If one takes the physically reasonable assumption that a sufficiently
strong magnetic field makes the NLC molecules aligned along the field direction
(magnetic anisotropy is assumed to positive, , > 0) then we have the restriction im-
posed on K3. Stability analysis for the Preedericksz transition in planar geometry can be
made in the same fashion and the stability conditions for the planar and homeotropic di-
rector configurations can be derived from Eqs.(7, 8) and Eqgs.(16, 17) by making the sub-
stitution: K1 <> K33, K13 — —K;3. Clearly, we have another restriction imposed on
K3. In summary, we can aay that X;; must be within the range between —X;; and K33.

BISTABILITY INDUCED BY Y- TERM

Throughout this section we suppose that —~K;; < K3 < K33. Then there are two thresh-
olds, u; and u,, that govern local stability of the homeotropic and planar structures (see
Eqa.(10, 18)).
The Freedericksz transition under consideration is known to be a second-order transition
provided that the X3 -term is disregarded (normal regime of the Freedericksz transition).
It means that after the homeotropic structure is deformed at 43 > U, the director field
goes towards the planar configuration as magnetic field increases. Clearly, it implies that
Up isgtutarthanu,,.

It is of interest to consider how the thresholds depend on w at positive Ki3. The w
-dependencies of the thresholds for K, = 0.8, , depicted in Fig.1, suggest that there is



Downloaded by [University of California, San Diego] at 21:59 20 August 2012

FREEDERICKSZ TRANSITION IN A NEMATIC CELL [983)/443

a value of w, w=w,, such that u, < u; at w < w;. Notice that, in order to facilitate
the subsequent discussion, the plots are displayed in the one-constant approximation,
K;; = K3 = K, but numerical calculations show that elastic anisotropy does not change
the result qualitatively. In other words, we encounter bistability region of the w — 1/ plane
where both of the structures are locally stable and a first-order transition can be expected
to occur. When K5 is negative, we arrive at the same conclusion for the Freederickaz

transition in planar geometry.

3.0 T T = T T T T T Y

- e
| -~
25t = o
K,=08K
L R T
2.0 - ..‘.-:-;.‘,-"—' -
b _‘J‘f:‘*"‘" - o
15 R

10 b .
05 | g -
LY 1

0.0 Y | 1 | A1
3 4 5

FIG.1 Thresholds u; (solid line) and 4, (line marked as -.-.-) v8 w at

K5 =0.8K. The homeotropic (planar) configuration is locally stable at

U < Uy (4 > u,). The planar structure is favorable in energy over the homeotropic

one above the line ¥ = /W (dashed line).

Let us make use of some experimentally obtained data to see if the bistability region
can be encountered in real systems. Of special interest are the estimates reported in'' |
where submicron nematic films wese studied to verify the status of the K3 -term. Since
K3 was found to be negative, K3 & —0.4K; , we proceed with the Freedericksz transi-
tion in planar geometry assuming the relevant constants take the following values (5CB):
K1 =6.3x1072N, K3 =1.41K;;, W =83x10"°)/m? and d=0.5um. The
dimensionless parameter w then can be estimated at about 0.234 and, as shown in Fig.2,
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its value is less than w 2 1.2. Thus the bistability region is found to exist under the

To get some idea of what are the director states involved in transition it is instructive
to make comparison between its energies based on explicit solutions to the Euler-
Lagrange equation within the one-constant approximation (4; = 43 = u).

= o000 K. .
154 -0.005 Seeceee="

' L r | 4 l L] T L l v
00 02 04 08 08 10

m .o

w (= Wd2Ky,)

F1G.2 Thresholds 4 (lme marked as -.-.-) and %4, (solid line) vs W at
K13 =—0.4Ku and K;g = 141K11 The phmr (homootmpuc) oonﬁguratmn is
locally stable at #3 < 1, (¥ > s). Above the curve u = Jw (dashed line) the
homeotropic structure is favorable in energy over the planar director configuration.
Right inset: m-dependence of the free energy at w = 0.234 and u = 0.484 for
K]; =-04K (solld hne)andK,; =0 (dﬂlbd lme)

(For brevity, detailed calculations behind the analytical and numerical treatrent of this

case are omitted.) In the case we are interested in, |{K13| < K, the angle ® can be ex-

cluded from the consideration and the director field is

n=cos®(2)-e, +snO(z)-e, (19)
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In the one-constant approximation the Euler-Lagrange equation can be solved analytically
and the solution of interest reads

cos 8(z) =dn(q z + K(m)|m) (20)

where dn(x|m) is a Jacobian elliptic function and K(m) is the complete elliptic integral
of the first kind 2. Notice that m € [0; 1], so that Eq.(20) gives the homeotropic (planar)
configuration at m = O (m = 1). Let us consider the energy of the structure (19, 20)as a
function of m at K3 = 0.8K for various values of w (~ W) and u (~ H). (It is conve-
nient to count the energy from F, AF{m) = F{m)— F) ). Referring to Fig.1, it can
been seen that in addition to w; = 2.332, there are two characteristic values of
005 ! ¥ ¥ v ¥ v 1 v || v |
0.00
-0.05
-0.10
-0.15
-0.20
-0.25
-0.30
-0.35
-0.40
-0.45
-0.50

LERAL IR B AL L L AL I LA I B

Ja bl al it 1 21 .1 1 .1 20120.1

A B B NP
0.2 04 06 08 1.0

e
e

o
o

FIG.3 The free energy of the deformed director configuration (20), counted from the
homeotropic structure energy, as a function of m at K3 = 0.8X for various values
of wand #: w=3.0, u=1.86 (solid line), w=2.2, u=1.5 (dashed line),
w=2.5, u=1.633 (line marked as -..-..-).
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w, Wj, = 2.051 and w, = 2.819 related to the infersection points of the curve u = J/w
and the threshold lines.

For small W, W <w;, at 4 = /w m-dependence of the energy looks like that pres-
ented in right inset of Fig.2 (solid line). So we have two structures of the same energy
sepamated by energy barrier. Under the field further increases, the homeotropic structure
becomes metastable. Notice that there is no metastable deformed director states in this
case.

At w>w; and ¥ > U, AF{m) has local minimum within the interval (0; 1). This
point represents the deformed director state that can be metastable depending on whether
the energy reaches its minimum at the point or not. The plots depicted in Fig.3 show that,
even if W > w , there is a value of 4 (magnetic field), such that the energies of two struc-
ture (the planar structure and the deformed director configuration) are equal.

DISCUSSION

The results given in Sec.3 show the K;3-term may change regime of the Freedericksz
transition. Under certain conditions the Freederickaz transition is indicated as a first-order
transition. It should be emphasized that, as a matter of fact, it does not mean jump-like re-
orientation of the director in real systems. Study of the reorientation dynamics requires
more comprehensive and exiended analysis with hydrodynamic motions taken into ac-
count. But it seems to be unlikely that the effects of this kind are not detectable. Thus we
have the effects o be tested experimentally to verify the status of the K3 -term within the
theory” that have been employed throughout this paper.

Eq.(1) implies no azimuthal anchoring in the system under investigation (substrates
are assumed to be isotropic), so that the system is identical with that considered in* . It
eases a comparison between the results. Note that Eqs.(7, 8) are coincident with the key
equations obtained in *. On the other hand, azimuthal anchoring can be shown not to
change the results of Sec.2 qualitatively.
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